Abstract. In this paper, I construct a new version of the halfway model for the eversion of the sphere, called the closed halfway model, whose image can readily be shown to be the set of zeros of an explicit polynomial of degree eight. For this purpose , a 4-parameter family of halfway models is thoroughly investigated. This family also contains the so-called open halfway model constructed in [A2]. The closed halfway model is chosen among the immersions of this family whose multiple loci contain two circles. Applied to the results of [A1], a similar study leads to notice that there exist Boy surfaces depending on two parameters, each of which intersects a given sphere along four circles (one parallel and three meridians). In the Appendix, Morin gives a coding in differential topological terms, of a sphere eversion which turns out to be minimal in many respects, so that, from now on, we no longer need to refer to pictures in order to present the subject.
Introduction. The present paper is the first step in the program we would eventually like to carry out. Indeed, the task we have in mind, is to construct an eversion of the sphere in terms of a continuous family of immersions of S2 into R3 such that the images of all members of the family be real algebraic surfaces, i.e., the sets of zeros of some polynomials in three variables. Obviously, we are looking for surfaces with minimal complexity (where the word complexity must be understood in a rather vague sense) , so that the singular locus of each surface could be controlled in such a way that computations should lead to an easy description of such a homotopy. Assuming that the eversion has some symmetry with respect to time, the first task, in order to solve the problem, is to build a handy central step for the eversion. Here we present an algebraic candidate for this so-called halfway model which turns out to be a good one since it minimizes the complexity in many respects.
In fact, there are two differential types of the halfway model , the open halfway model and the closed halfway model, as B. Morin called them. First , we obtain and examine an algebraic version of the open halfway model, already mentioned in [A2] , by modifying the construction given in [A1] for the Boy surface, in such a way that this threefolded symmetric object is now replaced by a fourfold surface. Instead of the The story telling how various people tried to illustrate the paradoxical discovery of S. Smale, can be found in [M-P] . However, the first explicit parametrization was constructed by Morin [M] in 1978. The main trouble with Morin's parametrization lies in the fact that his formulae are so complicated, that they allow no control on the multiple locus of the evolving immersion. A full control on this multiple locus is indeed a key point for a thorough understanding of the all procedure. The present paper intends to be a step toward a more tractable answer to the problem. and when, for any couple (t0, m) such that ft0 is not transverse at m, there exists a local model g1,..., gp of f in a neighbourhood of t0 and in a neighbourhood of ft0-1(m), of one of the six following types:
Birth or death of a closed curve of double points: p=2, g 1,t(u,v)=(u, v, t) g2,t(u, v)= (u, v, u2+v2) or g1,t(u, v)=(u, v, -t) g2,t(u, v)=(u, v, u2+v2) .
The first transition is called a birth and is said to be of type D0. The second is called a death and is said to be of type D2 (see Figure 1 ).
Surgery on the curve of double points: p=2, g1,t(u, v)= (u, v, t) g2.t (u, v)=(u, v, uv) .
The transition called a surgery is said to be of type D1 (see Figure 2 ). Birth or death of a pair of triple points: p=3 , g1,t(u, v)= (u, v, u+t) 92,t(u, v)= (u, v, -u+t) g3,t(u, v)=(u, v, u2+v2) or g1,t(u, v)=(u, v, u-t) 92,t(u, v)=(u, v, -u, -t) g3,t(u, v)=(u, v, u2+v2) .
The first transition is called a birth of two triple points and is said to be of type T+, the second, a death of two triple points, is said to be of type T-(see Figure 3) . The quadruple point: p=4, g1,t (u, v)= (u, v, -u-v+t) g2,t(u, v)=(u, v, u+v) and g3,t(u, v)=(u, v, u-v) 94t (u, v)=(u, v, v-u) . This transition, the eversion of a tetrahedron, is said to be of type Q (see Figure 4 ). Notice that, in particular, a generic regular homotopy [M-P] , gives rise to the sequence D0D0T+T+D1D1(D1Q)D1D1T-T-D2D2.
Recall that the eversion f of [M-P] satisfies the following equivariant condition: so that the halfway model f0 admits a fourfold symmetry. The halfway model f0, thoroughly described in [M-P] , is the so-called open halfway model. Of course, in [M-P] , this fourfold object is determined up to a parametrization of the source sphere S2, and up to ambient isotopy of the target space R3. Notice that, it is not possible to distinguish between points of types D0 and D2, as well as between points of types T+ and T-. It is the reason for which we have defined points of type D0 ,2 and T.
A result due to Banchoff and Max [B-M] , unfortunately proved by referring to pictures, implies that a generic halfway model, i.e., the halfway model of a generic symmetric eversion of the sphere, must have an odd number of quadruple points , i.e., of points of type Q. In order to construct a halfway model as simple as possible , this fact leads us to look for examples of immersions of S2 into R2 admitting exactly one quadruple point. In [A2, p. 104] , an immersion f0 of S2 into R3, with a fourfold symmetry axis containing a point of type Q and a point of type D1 , is defined by the formula: 
where A=Z(1-Z), B=2(X2+Y2), C=2(Y2-X2), D=2Z2 and E=4XY .
This immersion is a reasonable candidate for what should be called the canonical open halfway model, since it satisfies all the properties imposed on such a model in [M-P] . In particular, its multiple locus is of the required type. Indeed, this multiple locus geometrically splits into two non symmetric threebladed propellers having their triple points at the quadruple point of the model , and intersecting once more at the has the same rank as the matrix 5. The closed halfway model. The existence of the closed halfway model is mentioned in [M-P] . Although topologically more complicated than the open halfway model, it gives rise to a more compact eversion of the sphere, i.e., to a psychologically shorter one, which one can grasp more easily, since, in the associated sequence of types, all the transitions of type D1 occur simultaneously at the halfway stage: The first of these two last equations yields
while, after ignoring the factor sin(•¬-•¬0), the second boils down to
Let us next set
The equation ( Meanwhile (i) can be written
we obtain the desired parametrizations. Figure  10 ).
FIGURE 10. The homotopy connecting fo to fF.
This segment yields a regular homotopy from fO to the immersion fF, which, as we will see in Theorem 4 below, has four extra points of type D1 . •¡ In order to prove Theorems 2 and 3, it is convenient to state the following Lemma.
LEMMA 3. The set fF(S2) is contained in the real algebraic surface of equation PF=0.
PROOF. Let us introduce an extra variable T in order to get the following parametrization of fF(S2) now expressed in homogeneous coordinates •¡ This result shows only that fF(S2) is contained in [PF=0] but not that fF maps S2 onto the set of real zeros of PF, a fact which will be proved in Theorem 3. •¬0 :4(4+sin4ƒÐ+cos4ƒÐ)-1
PROOF. We already know that, restricted to the sphere [G=0], the sets PF=0] and fF(S2) coincide, since, by Lemma 3 and hence, two sequences t0 ,n and t1,n such that ƒµ (t0,n)=ƒµ(t1,n)=yn and |t0-t0,n|, |t1-t1,n|<E .
Thus, for ƒÃ small enough, one has ƒÓ (t0,n)=xƒÍƒµ(t0,n)=xƒÍƒµ(t1,n)=ƒÓ(t1,n).
Since the t0 ,n's are mutually distinct, while the set Dp is assumed to be finite, there exist m and n such that t0 ,m=t1,n, and therefore |t0-t1|•¬|t0-t0 ,m|+|t1-t1,n|<2ƒÃ. •¡ THEOREM 3. The set fF(S2) is equal to the set of real zeros of the polynomial PF of degree eight
where A=Z(1-Z), B=(2X2+Y2), C=2(Y2-X2), D=2Z2 , E=4XY, and G=3(X2+ Y2+Z2)-4Z.
PROOF.
In { Al +2A2G+12G2=0
•ÝX A0+•ÝXA1¥G+•ÝXA2¥G2=0
•ÝY A0+•ÝYA1¥G+•ÝYA2¥G2=0. (h) The following is intended to provide the reader with a good intuition of the geometry of Cr (M, V The notion of quasigeneric deformation of quasigeneric regular homotopies is a tool of great practical interest which will be needed at the end of [A2] . For example, in 1967 the French physisict Marcel Froissart imagined an eversion of the sphere which was a simplification of Antony Phillips' eversion [PH] . In order to be able to communicate Froissart's eversion it turned out to be indispensable to specify it into a generic regular homotopy. By deforming quasignerically this generic eversion, it became very easy to discover the open and closed halfway models and to device several variations for the eversion. One of these has been used by Michael Pugh when he constructed the eight models used by Nelson Max in order to produce his celebrated movie .
(j) While working on regular homotopies, the replacement of (e) iii by (e) iii' also This requirement will force us to perform simultaneously more than one elementary modification.
Since we also want the halfway model f0 to be the closed halfway model, in a neighbourhood of 0 in [-1, 1] we will have to perform simulatneously six of these elementary modifications. The sequence of types associated to the eversion ft that we intend to describe is Assume that {ft} is the quasigeneric equivariant eversion used by Max in his movie and recall that the corresponding sequence of types is (D0)(D0)(T+)(D1D1 T+)(D1Q)(T-D1D1)(T-)(D2)(D2) [M-P] . Useful points of type D1 can occur neither before the first point of type T+ nor after the last point of type T-. The number of points of type D1 of an equivariant quasigeneric eversion is equal to 1 modulo 4 and at least equal to 5. Hence, among all equivariant quasigeneric aversions, the one thoroughly described in [M-P] , as well as the one presented in the movie, has the minimum number of modifications , while, with the condition x=1, the eversion described in this Paragraph is minimal in that respect.
Among all quasigeneric eversions, the nonequivariant one mentioned in [M-P] and characterized in Remark 4, seems to be minimal in all respects . In order to verify this statement, one should show that there exists no quasigeneric eversion with sequence of types containing exactly, two D0's, two T+'s , two T-'s, two D2's, one Q, and three D1's, an exercise which, for the moment, I am forced to leave to the reader . 
